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hybrid explicit methods for the numerical solution
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Part 1. Development of the basic method
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In this paper we present the development of a generator of hybrid explicit methods for the
numerical solution of the Schrddinger equation. The methods are of algebraic order ten. The
coefficients of the generator are calculated appropriately.

KEY WORDS: hybrid methods, explicit methods, algebraic order, periodic problems, initial-
value problems, Schrédinger equation

1. Introduction

During the last two decades, great interest has been observed [1-16], for the nu-
merical solution of special second order periodic initial-value problems of the form:

yi=fx,y), y(xo) = yo, ¥ (x0) = yp. (1)

Scattering or eigenvalue problems and generally problems with oscillating solutions,
which can be expressed in the form of equation (1) or in systems of equations of the
form (1), can be found in scientific areas, such as theoretical physics, quantum mechan-
ics, atomic physics, molecular physics, theoretical chemistry, astrophysics, chemical
physics, electronics and elsewhere (see [17,18]).

The maximum algebraic order, the maximum phase-lag order and the maximum
interval of periodicity are the main characteristics of the numerical methods, used in the
solution of the above problems. The development of methods with the above properties
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is a problem of great interest for many researchers. Numerov’'s method is the most
popular method for the numerical solution of the above problems.

The last few years a great research activity is observed in the construction of meth-
ods with minimal phase-lag. We refer to the methods of Simos et al. [1,9,10,13,14,19,
20], Chawla et al. [4—7], Coleman [8] and Avdelas et al. [11,12]. In [9] Simos and Raptis
have combined the properties of phase-lag and P-stability (a method is called P-stable,
when its interval of periodicity is equal t®, co)). Simos [20] and Avdelas et al. [21]
have developed families of eighth algebraic order explicit methods for the solution of
problems of the form (1).

The radial Schrodinger equation has been a subject of great importance in numer-
ous scientific fields. There is a real need for its numerical solution in nuclear physics,
physical chemistry, theoretical physics and chemistry, quantum chemistry and molecular
physics. During the last decade, great activity is observed in developing numerical meth-
ods for the radial Schrédinger equation (see [22-28]). This equation has the following
form:

Y'(x) + f(0)yx) =0, )

wherex is the radius with 0< x < co and f(x) = E —I(l + 1)/x? — V(x). We
call the termi/(I + 1)/x? the centrifugal potential, and the functiorV (x) the potential,
whereV (x) — 0 asx — oo. According to the sign of the energy, there are two
main categories of problems for equation (2) (see for details [16]). In equatidh i)
a real number denotinipe energy, [ is a given integer an¥f is a given function, which
denotesghe potential. The functionW (x) = I(I + 1)/x? + V(x) denoteshe effective
potential, which satisfied¥ (x) — 0 asx — oo. The first boundary condition is

y0 =0 3

and a second boundary condition for large values,ds determined by physical con-
siderations.

In this paper the development of a generator of tenth algebraic order explicit meth-
ods is presented. We call generator, a family of methods, in which the coefficients of the
methods are definealitomatically. This is very important for error-control procedures,
since we can use, without computational cost, all the methods of the family, in order to
increase the step-size of integration. In sections 2 and 3 the construction of the main part
of the generator of methods and the local truncation error are given.

2. Development of the new method

We consider the following family of methods.

Yok = (F00Ynt1 + 7010 + 702Yn-1) + h2(roafus1 + roafn + rosfo-1)s
Yook = (F10Yns1 + 7100 + r12Yn-1) + h2(r13fos1 + r1afn + r1sfo 1)
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Foe =Tt Vut), k=13, (5)
V1 = (kooYn+1 + koryn + ko2yn-1)
+ h®(koa fur1 + koafy + kosfu—1 + kosfurk + kozfu—i),
7n+l = f(anrlv yn+1)’ I = 711’ (6)
Yn—1 = (k1oyn+1 + K11y, + k12yn-1)
+ h2(kyafur1 + kiafy + kisfuot + kasfurk + ka7 fuid),
?n—l = f(xn—lv yn—l)’ I = le (7)
Yo = ¥n — Wih®(fuz1 — 2fn + fu—1). i =0(D)b, (8)
V1= 2Yn — Yn-1
+ hz[fo(fnﬂ + fo) + 0 f, + t2(7n+1/2 + 7n—1/2) + t3(7n+1/4 + 7;1—1/4)]’
9)
whereb denotes each method of the family and is defined by the user.
In order to define the coefficients of the above family of methods we act as fol-

lows.
(i) We define the following approximations:

Ytk + Yok =mMo(Ypt1 + Yp—1) + may, + hz[mZ(fn+1 + fo-1) + m3fn:|a (10)

Ytk — Ynek =N0(Yn41 — Yn-1) + hznl(fn+1 — fa-1)s (11)
Yol + Y1 = pO(yn+1 + yn—l) + P1Yn
+ 1 p2(farr + fa-1) + Pafu + Palfusk + fui)]. (12)

Yutt = Yt = G0t — Y1) + h2[q1(frs1 — fae1) + @2(furk — fui)]- (13)

(i) For k = 1/2 andl = 1/4, we expanty,+1, Yntk, Yntlr fotls fork @Nd fop
via Taylor series and we define the coefficients of the formulae (10)—(13), in order to
have reduced local truncation errors, from a set of systems of equations, which are the
following.

For equation (10) we obtain

2—2mo—my =0, (14)
L—ll—mo—Zmz—m\o,:O, (15)
%2 — %zmo —mp =0, (16)
ﬁo_ 3—%30m0 — %zmg =0. a7

For equation (11) we obtain

1—2n0=0, (18)
2%1 - %I’lo - 21’11 =0. (19)
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For equation (12) we obtain

2—2po—p1=0, (20)
L — po—2pr—ps—2ps=0, (21)
507 — 3P0 — P2 — 3P4 =0, (22)
14714560_ 3—%301?0 - %2172 - %2174 =0, (23)
1321%05760_ 2011601’0 - 3_%501’2 - ﬁofm =0. (24)
For equation (13) we obtain
3—2q0=0, (25)
To5— 390 — 21— 42 =0, (26)
5@~ 5090 — 301 — 392 = 0. (27)

Solving the above systems of equations, we obtain the coefficients of the formulae

(10)—(13), presented below:

nOZ%, I’llz—%y
po=—3 m=32 =3 =% n=2%
Q=3 d1= -3 92= —1o5

(iif) By addition and subtraction of equations (10)—(13), the parameters of equa-

tions (4)—(7) are obtained.

(iv) We substitutey,+1, yu+1/2, Ynt1/4 and foi1, fut1/2, fur1a in (9) with their
Taylor series expansions and we obtain the following system of equations:

1—-2tg—1t1— 2t — 213 = 0, (28)
L —to—1i— Ls=0, (29)
a5 — 0 — 1e5l2 — za5t3 = O, (30)
20160 ~ 3600 ~ 730402 ~ Tarased® = O (31)

(v) We add to the family, given at the beginning of this section, the layers given

below:
Vo172 = 00V 41 + A01Yn + A02Yn—1 + h*(a03f 41 + Goafs
+dosfu-1 + aOG?;H»l/Z + 6107?%1/2 + 0087n+1/4 + 61097,171/4), (32)
Vuo1/2 =10V, 41 + A11Vn + @12Vn—1 + h*(a13f 41 + a1afs
+aisfu-1+ ‘1167n+1/2 + al77n—1/2 + a187n+1/4 + 61197,1_1/4)’ (33)
V4174 = C00Yy11 + CO1Vn + C02Yn—1 + h?(co3f i1 + Coafy

+ cosfa-1+ co6f i1z + Corfnorj2 + Co8F nija + c0ofu1ja),  (34)
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Vn—1/4 = C10Yp41 + C11Yn + C12YVn-1 + h2(6137n+1 + c1afn
+c1sfu1+ c16fur1e + 17 um12 + C18F wira + c10fno1ja),  (35)

Vu+1/8 = €00 11 + €01Yn + €02Yn—1 + h2(6037n+1 + eoafn

+eosfn-1+ 6067n+1/2 + 6’077"—1/2 + 6087n+1/4 + 6’097,1—1/4), (36)
Vn—1/8 = €10V 41 + €11Yn + €12Yn-1 + h2(€137n+1 + e1afy

+ersfu1+esf 1o+ e1f 1o + €18l nira + €10fja),  (37)

Y4l — 2 + Yu1 = hz[g0(7n+1 + fn—l) +81fat gz(ﬁ+1/2 + ]?;,—1/2)
+ 83(fav1sa + fu-v/a) + 8a(furrs + fu-1/8)]- (38)

(vi) We work in the same way as above. The quantities, y,+1/2, Yu+1/4, Ynt1/8
and f,11, fax1/2, futr1/a, far1/8 are replaced by their Taylor series expansions in equa-
tions (32)—(38). From the coefficients of the first powerg:ph system of equations,
corresponding to each layer, arises. Solving these systems of equations, the unknown
parameters are obtained.

System extracted from equation (32):

1—agp2 — ago — ao1 =0, (39)
1
5 — aoo + a2 = 0, (40)
1 1 1
5 — dos — @09 — o5 — do7 — do3 — 3000 — 3002 — dog — dos = 0, (41)
11 1 1 1 1 1
76 — 3406 — gA00 + gdoz — do3 + dos + 307 — 7dos + 709 = 0, (42)
1 1 1 1 1 1 1 1 1
384 — 24400 — gdo7 — 34003 — 3405 — gdo6 — 33408 — 33009 — 33402 = 0, (43)
1 1 1 1 1 1 1 1 1
3840 — 120900 — 5403 — 75406 + 75007 — 353008 + 353009 + 15002 + gaos = 0, (44)
1 1 1 1 1 1 1
76080 720400 — 22903 — 383906 — 333907 — 5144408 — 142409
1 1
— 7—206102 — ﬂao5 = 0, (45)
1 1 1 1 1 1 1
845120 ~ 5040400 — 120903 — 3840406 + 3840707 — TogEf08 T 122884109
1 1
+ g550002 + 35005 = 0, (46)
504 10
1 _ _1 L. — 1t __1 _ 1 1
10321920 40320700 — 720903 — 7508006 — 76080107 — 294912408 — 294912409
1 1 _
— Zo3af02 — 75p¢05 = 0, (47)
1,1 1 11 41 1
185794560 ' 36288002 — 36288¢°00 — 5040403 — 525120706 T 25120707 — 8257536408
1 1 _
+ 52575366109 T F040%05 = 0. (48)
System extracted from equation (33):
1—aip—aiz—an=0, (49)
1
—ajo+app—5=0, (50)

1 1 1
—a14 — a15 — a13 — 3012 — A19 — d1g — d17 — d16 — 3d10+ 5 = 0, (51)
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1 1 1 1
ai5 — a1z — 3a18 + a1+ a0 — 3ais + 3a17 — 2a10— 75 = 0, (52)
1 1 1 1 1 1 1 1 1
—5015 — 5013 — 53012 — 35019 — 3016 — 33018 — §d17 — 53410 + 353 = 0, (53)
1 1 1 1 1 1 1 1 1
5015 — ga13 + 15p012 + 352019 — 32918 — 75916 T 25017 — 150910 — 3gap — 0, (54)
1 1 1 1 1 1 1
~ 5144918 — 24913 — 720912 — 5144919 — 383916 — 383917 — 730410
1 1
~ 54915 1 75080 = O (55)
R U USNURTIE EpYUIRE SO BTN UM
122884118 120 13 T 5pa0%12 T 1228819 T 3840917 T 120915 — 3820116
1
~ 5040410 — 645120 =0, (56)
N U W o o 1 1
294912418 720 13 4032(912 294912419 — 7608df'17 — 7608016 — 20320110
1 1 _
— 720415 + To3130= O: (57)
N S NI SRR N ST B U
8257536018 5040“13 362880412 T 82575364119 T 4512017 T 50409415 — 65124116
1
362880110 — 185794560 0. (58)

System extracted from equation (34):

1- Co2 — Coo — Co1 = O, (59)
2 —coo+co2=0, (60)
312 Co9 — Co4 — Cog — 607 — Co — €05 — Cos %Coo - %Coz =0, (61)
@ + :1009 — €03+ Co5 — Coo + Coz Coe + %007 - 7115'08 =0, (62)
ﬁ - 3%009 - %Cos - %Cos - 2—14000 - 2—14002 - %Coe - %007 - 3%008 =0, (63)

1 1 1 1 1 1 1 1 1
32880 T 382€09 — §C€03 + §C05 + 13pC02 — T35C00 — 75€06 + 75€07 — 3g2C08 = O, (64)

1 1 1 1 1 1 1
2949120 6144609 — 24€03 — 24€05 — 755€02 — 384€07 — 73p€00

1 1 _
—384€06 — §144€08 = 0, (65)
1 1 1 1 1 1 1
82575360 T 122880 09 — 120€03 1 5540C02 — 5040C00 — 3840C06 T T25C05
1 1 _
+ 3840€07 — Tagas 08 = 0. (66)
1 1 i L. 1 1 o
2642411520  2949120-09 — 72003 — 720€05 — 20320°02 — 20320°00 — 76080 06
1 1 _
— 76080°07 — 53012608 = 0: (67)
1 1 L1 S NNV BRI 1
95126814720 8257536008 T 82575364709 — 5040°03 T 5040°05 T 362880°02 — 36288¢ 00
1 1 _
— 551206 + szsmafor = 0. (68)

System extracted from equation (35):

l-cpo—cr2—c11=0, (69)
1

-2 _|_ Ci12 — C10 = 0, (70)

1 1 1

35 — 5C12 — 5C10 — C19 — €18 — €17 — C16 — €15 — €13 — €14 = 0, (71)

1 1 1 1 1 1 1
—353 — €13+ 7C19+ 5€17+ 5C12 — €10 — 5€18 — 3¢16+ 15 =0, (72)
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1 1 1 1 1 1 1 1 1
8142 — 2€13 — 33€19 — gC17 — 34€12 — 55€10 — 33€18 — gC16 — 3C15 = 0, (73)
1 1 1 1 1 1 1
— 122880 6€13 T 38aC19 t 2g€17 + 13p¢12 — 13610 — 35a€18
1 1
— 25¢16 + 5¢15 = 0, (74)
1 1 1 1 1 1 1
2949120 2413 ~ 514419 — 38417 — 72012 — 720C10 — §144€18
1 1.
— 35416 — 25¢15 = 0, (75)
1 1 1 1 1 1 1
— 82575360 120°13 1 12288 19 T 384017 — 5040°10 T 5040€12 — 12288 18
1 1 _
- 3840C16 + mcl5 - 0’ (76)
1 o S S B | 1 1
2642411520  2949126°'19 ~ Ze080F17 — 72013 T 20320510 — 20320712 ~ 2929124 18
1 1 _
— 760816 — 720¢15 = O, (77)
_ 1 L1 1 L1 L1 1
951268147201 645120-17 — 36288410 T 362880°12 T 8257536419 — 82575364 18
1 1 1 _
— 52512616 ~ 50a0°13 T 504015 = O. (78)

System extracted from equation (36):

1—eg1 — ep2 — ego =0, (79)
1
5 —eoo+eo2=0, (80)
11 1
128 — 3€00 — 5€02 — €07 — €09 — €04 — €03 — €os — €05 — €og = O, (81)
1 1 1 1 1 1 1
3073 T 7€00 — 7€08 + 5€07 — €03 + €05 + €02 — 5¢€06 — g€oo = O, (82)
1 1 1 1 1 1 1 1 1
98304 32€09 — 33€08 — g€07 — g€06 — €03 — 5€05 — ;€02 — 32600 = 0, (83)
3932160 38408 T 384€09 T 2g8€07 — 28€06 — €03 T §€05 T 73002 — 713900 =
1 1 1 1 1 1 1
188743680 6144609 — 514408 — 383€07 — 383606 — 24€03 — 24€05
1 1
— 720602 — 75p€00 = 0, (85)
1 1 1 1 1 1 1
10569646080 122880F08 T To28809 T 3840607 — 3340€06 T T50€05 — T30€03
1 1 _
+ 5040¢02 — 590€00 = O (86)
1 1 1 i, 1 i, 1
676457349120 2949120708 — 26080706 — 720€05 — 76080707 — 72003 — 7032¢°02
1 1 _
— 554913609 — 75350£00 = 0, (87)
1 1 L1 1 IS SV WU
78704929136640 8257536608 T 545120707 — 645120706 T 504005 ~ 504003 ~ 36288¢ 00
1 1 _
+ 3528802 T 357538600 = O (88)

System extracted from equation (37):

l-ejp—e2—e11=0, (89)
1
—g tewz—ew=0, (90)
11 1
T8 — 3€12 — 5€10 — €15 — €16 — €17 — €13 — €13 — €19 — €14 = 0, (91)

1 1 1 1 1 1 1
— 397 T €15+ 5e12 — Fe10 — €13 — ze1s + z€10 — €16+ 517 =0, (92)
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ﬁzl— 3%618 - %615 - 2%1612 - 2%1610 - %613 - 3%619 - %616 - %617 =0, (93)
- ﬁo— 3_é4€18 + %615 + ﬁ)elz - ﬁelo - %613 + 3—§4€19
— &e16+ me17 =0, (94)
WJMQ_ ﬁels - 2—14615 - %612 - ﬁem - 2—14613 - ﬁelg
— 35016 — 55017 =0, (95)
- 105691646080_ 1221880618 + ﬁeﬁ + ﬁel? - ﬁ)elo - 1_20613 + ﬁoelg’
— ﬁele + ﬁf?ﬂ =0, (96)
1 1 1 1 1 1 1
676457349120  294912¢'18 — 70320712 — 70320F10 — 720¢13 ~ 76080F17 — 2949126719
— 55015 — 7e6af16 = O, 97)
1 1 1 1 1 1
~ 78704929136640 8257536618 T 36288£12 ~ 362880710 ~ 5040613 T 6251217
+ goersasf10 T T30l — samfls = O. (98)
System extracted from equation (38):
1—-2g4—2g3—2¢2—280— 81 =0, (99)
L — kg3 — 58— 382— 80 =0, (100)
w5 — 15382 — 597583 — Jorsx84 — 580 = 0, (101)
201160 - 23%)405’2 - 1473156(33 - m@?“ - 3_%305’0 =0, (102)
18114400_ 516%)960572 - 1321%057663 - 33822&136745684 - 201160g0 =0. (103)

Attempting to solve the above systems, we observe that free parameters exist. So,
in the cases of equations (32), (34) and (36) weaiset 0, cg; = 0 andeg, = 0 and for
equations (33), (35) and (37) we sgp = 0, c;0 = 0 ande;g = 0.

3.  Thenew generator of methods

Based on the previous section and solving the above systems of equations, we
obtain the coefficients of the new generator of methods. So, we consider the following
final form of the family of methods:

Vi1 =20 — Ya-1+h°f, +O(hn?), (104)
Yoy =Y — wih?*(f i1 — 2fn + fu-1) + O(h*), (105)
Y41 =2Vn — Yn-1+ %(7%1 +10f,, + fu-1) + O(h®), (106)
T2 = (1911 + 58y, — 13y,1) + 2o (—257,41 + 62, + 23f,_1)
+O(k). (107)

Vo12= (=111 + 58y, + 19y, 1) + £2(23f, 11 + 62f, — 25f,_1)
+0(h°), (108)
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Y41 =2Vn — Yn-1+ %[ﬁﬂ +26f, + fu1+16(f 12+ Fai12)]

+0(n%),

yn+l/2 = 6%1(195}"+1 + 58yn - 13}’”71) + 7h_528(_25f;l+1 + 62fn + 23fn71)
+0(n%),

ynfl/Z = 6%1(_135’n+1 + 58yn + 19yn71) + 7}’_;;(2‘?’]{&1 + 62fn - 25fn71)
+0(n%),

Vor1/4 = geage( 7405, 41 + 67110y, — 8979, _1)
— 2 (1289f,.1 — 27414f, — 1527f, 1 + 24720f,,1)
—31088f,_1/2) + O(h?),
Yn—1/4= seese(—897%,41 + 67110y, + 7405,_1)
— A (~1527f, 1 — 27414, + 1289f, 1 — 31088f,,1/
+27420f,_1/2) + O(h®),
Fus1 =2V — Yn-1 + 335" [87(fus1 + fu-1) + 3078,
+1328( furaj2 + fu-1/2) — 1024(F 20 + 7n ya)] +O(h™),
12 = 2Vni1 + 290 + (T foit — e f + e [t
— SommIni1/2 — somaln-1/2 + 54 ni1/a T gisS n-/a) T O(h™),
ue12= 3Yn + 3Vn-1 + W2 (skafart — S fo — Toaee fu-1

593 4583 7 74 % 1167 10
—30240/n+1/2 ~ 30040/n-1/2 T 9Tsfn+l/4 + @sfn—lm) + O(h )’

~ 1 3 2( 1979 2 21993 1789
Ynt1/4=zYn+1+ 390 + 1 ( 573440/ n+1 — 286720/ T Sis0060/n-1
101261 7 1389 3177 337
— 1290240/ n+1/2 ~ 143360/ n-1/2 T 896of nt1/4 T 8064(}f ,,,1/4)
+0(n*),
~ _3 2 A 21993 » 1979
yn—1/4— 4yn + 4yn 1 + h (516096 n+1 28672 573440/ n—1
1389 101261 7
~ 143360/ n1+1/2 T 1290240/ n—1/2 + 80640f n+1/4 + 8960f n— 1/4)
+0(h'),
— _1s 7 2( 981067 / 456099 101237
Yn+1/8=gVnt1+ g¥n + 1 ( 566231040/ n+1 — Todss7e0/" T 566231040/ 11
5507449 7 713689 7 4 223337 4 1812297% )
141557760 n+1/2 = 21557760/ n—1/2 8847360f n+1/4 T 8847360 n—1/4
+0(h'),
— _7 1 2( 101237 2 456099 , _ 981067
Yn-1/8=gVn T g¥n-1+h (56623104 n+1 ~ 1048576 566231040 1

713689 7 5507449 7 4 1223337 )
141557760/ n+1/2 — 141557760/ n— 1/28847360f n+1/4 8847360f n—1/4

+0(h),

289
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(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)
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Yt = 200 + Vo1 = W22 (fusr + fro1) — B2, + BEB(f 10+ fuovj2)
— e fur1a+ fam1a) + e (Furys + fao1e) |+ O(R).  (121)
We observe that the above family of methods contains free parameters
The local truncation error of the new family of methods is given by

— Tesisossessesmoaacln | 168335212512 (x) + 4782719714850 (x)

+12815520402080% (x) + 595603836317952° (x)
+992673060529920" (x) + 119120767263590409 y“ (x)]. (122)
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